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Abstract
A new proof is given for the statement: For an irreducible, infinite Coxeter group (W, S) andw ∈ W ,
if wSw−1 = S, then w = 1 (the identity element of W).
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1. Introduction
Coxeter groups arise in many parts of mathematics as groups generated by reflections,
especially, from the study of semisimple Lie theory. A Coxeter group is usually defined
in terms of generators and relations. Following Bourbaki [1], a Coxeter system (W, S) is a
group W and a set S of generators such that W has a presentation of the form,
W = 〈S|(st)mst = 1, s, t ∈ S〉, (1)
where mst = mts is a positive integer or ∞, and mst = 1 if and only if s = t (a relation
(st)∞ = 1 is interpreted as vacuous). W is called a Coxeter group.
For a Coxeter system (W, S), its Coxeter graph is a graph with vertex set S, and with
two vertices s  t joined by an edge whenever mst3. A Coxeter group (W, S) is said to
be irreducible if its Coxeter graph is connected.
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Associated to a Coxeter group (W, S), there is a symmetric bilinear form on a real vector
space V, having a basis {s |s ∈ S} in one-to-one correspondence with S. The bilinear form
(·, ·) is defined by setting
(s, t ) = − cos 
mst
. (2)
The value on the right-hand side is interpreted to be −1 when mst = ∞.
If the cardinality of S is finite, then a Coxeter group W is finite if and only if its bilinear
form is positive definite. An important result about irreducible, infinite Coxeter groups is
that the center of an irreducible, infinite Coxeter group is trivial.
This result is stated in Bourbaki [1, p. 137] and a stronger statement is also given.
That is,
Proposition 1.1. Let (W, S) be an irreducible, infinite Coxeter group and w ∈ W .
If wSw−1 = S, then w = 1 (the identity element of W).
Bourbaki [1] suggests a proof of the above statements using the representation of a
Coxeter group, developed by J. Tits, which is a group action of W on the dual space V ∗ of
V. (The vector space V is introduced in the preceding paragraph.) To complete the proof,
properties of the Tits cone, which is a convex subset subset of V ∗, are employed.
In this short note, the author would like to show that a more direct proof can be obtained,
using only the group action of W on V, which is called the geometric representation of a
Coxeter group (see [5]).
2. Preliminaries
In this section we first collect a few basic facts about the geometric representation of a
Coxeter group (W, S). The materials are taken from [5, Chapter 5].
Let V be a vector space over R, having a basis = {s |s ∈ S}, in one-to-one correspon-
dence with S. Define a symmetric bilinear form ( , ) on V by setting (s, t ) =− cos /mst .
The value on the right-hand side is interpreted to be −1 when mst =∞. Now for each s ∈ S,
define a linear transformation s : V → V by s =  − 2(s, )s . Then s is a linear
reflection. It has order 2 and fixes the hyperplane Hs = { ∈ V |(, s) = 0} pointwise, and
ss = −s . We have the following.
Proposition 2.1 (Humphreys [5, p. 110]). There is a unique homomorphism  : W →
GL(V ) sending s to s . This homomorphism is a faithful representation (referred as the
geometric representation) of W and the group (W ) preserves the bilinear form defined as
above. Moreover, for each pair s, t ∈ S, the order of st in W is precisely mst .
From now on, we write w() for (w)(), when  ∈ V and w ∈ W .
The root system  of W is defined to be the collection of all vectors w(s), where
w ∈ W and s ∈ S. An important fact about the root system is that any root  ∈  can be
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expressed as
=
∑
s∈S
css ,
where all the coefficients cs0 (we call  a positive root and write > 0), or all the
coefficients cs0 (we call  a negative root and write < 0). Write + and − for the
respective sets of positive and negative roots. Then + ∩ − = ∅ , + ∪ − =  and
− = −+. The map from  to R = {wtw−1|w ∈ W, t ∈ S} (the set of reflections in W)
given by  = w(s)wsw−1 is well defined and restricts to a bijection from + (−) to
R, and (wsw−1) = t, where t= − 2(, ). The following fact is important to us.
Proposition 2.2 (Humphreys [5, p. 116]). Let w ∈ W ,  ∈ +. Then l(wt)> l(w) if and
only if w()> 0. (The length l(x) of x ∈ W is defined to be the smallest integer d such that
x = s1s2 . . . sd ,with si ∈ S.)
A Coxeter group can also be characterized by some combinatorial conditions, which are
stated below. For now, let W be a group generated by a subset S of involutions (elements
of order 2). The length l(w) of an element w ∈ W , with respect to S, is the smallest
integer d such that w = s1 . . . sd , with all si ∈ S. This expression for w is called a reduced
decomposition of w if d = l(w).
Consider the following conditions:
(D) Deletion condition: If w = s1 . . . sd with d > l(w), then there are indices i < j such
that w = s1 . . . sˆi . . . sˆ j . . . sd . where the hats indicate deleted letters.
(E) Exchange condition: Given w ∈ W , s ∈ S, and any reduced decomposition w =
s1 . . . sd of w, either l(sw) = d + 1 or else there is an index i such that w = ss1 . . . sˆi . . . sd .
(F) Folding condition: Given w ∈ W and s, t ∈ S such that l(sw) = l(w) + 1 and
l(wt) = l(w) + 1, either l(swt) = l(w) + 2 or else sw = wt .
The proof of the following proposition can be found in [1,2,4].
Proposition 2.3. A group W generated by a set S of involutions defines a Coxeter system
(W, S), if and only if W satisfies any one of the conditions (D), (E) and (F), with the length
function l(w) defined as above.
Given a Coxeter system (W, S), for each subset T of S, let WT be the subgroup generated
by T. Call it a special subgroup of W. The root systemT of WT is {w(t )|t ∈ T, w ∈ WT }.
It is proved in [6] that T = Span({t |t ∈ T })
⋂
. Here Span(X ) means the real vector
subspace spanned by the set X.
Given a special subgroup WT of a Coxeter system (W, S), any element w ∈ W can be
expressed as w=w0a, where a ∈ WT and w0 is the shortest element in the left coset wW T .
The element w0 is characterized by the property l(w0t) = l(w0) + 1 for any t ∈ T and it
is unique in wW T . We say w0 is (∅, T )-reduced in this situation. It is clear this type of
decomposition for w is unique and w0 satisfies l(w0b) = l(w0) + l(b) for any b ∈ WT .
Similar discussions for right cosets give a “right-hand version” of the decomposition and
the definition of (T, ∅)-reduced elements.
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For w ∈ W , define a subset In(w) of S by
In(w) = {s ∈ S|l(ws) = l(w) − 1},
and put
Out(w) = S − In(w).
We collect two basic facts about finite special subgroups of a Coxeter group.
Lemma 2.4. Suppose WT is a finite subgroup, where T ⊂ S. Then there is a unique element
wT in WT of longest length. Moreover, the following statements are true.
(1) wT is an involution.
(2) For any x ∈ WT , x = wT if and only if In(x) = T .
(3) For any x ∈ WT , l(wT x) = l(wT ) − l(x).
(4) wT TwT = T .
This lemma and the following are straightforward consequences of the deletion condition.
Proofs can be found in Chapter 4 of Davis [4].
Lemma 2.5 (Davis [3,4]). For any w ∈ W , WIn(w) is a finite subgroup.
3. Proof of Proposition 1.1
Proof. Suppose w  1. We use the notations introduced in Section 2. Without loss of gen-
erality, write S1 = In(w) = {s1, . . . , sk}, and S2 = Out(w) = S − In(w) = {sk+1, . . .}. Since
W is assumed to be infinite, S1 and S2 are nonempty. Let the set  of positive simple roots
corresponding to S be {1, . . . , k, k+1, . . .}. Write w = w0a, where a ∈ WS1 and w0 is
(∅, S1) reduced. Note that for any t ∈ S1, l(at) = l(a) − 1, since l(w0) + l(a) − 1 = l(w) −
1 = l(w0at) = l(w0) + l(at). Lemma 2.4 implies that a is the longest element in WS1 .
Since w0 is (∅, S1) reduced, 	l = w0(l )> 0, for 1lk. We claim that 	l ∈ .
The reason is that, by Lemma 2.4, aS1a = S1, and so w0S1w−10 = w0aS1aw−10 ⊂ S.
Thus, {	1, . . . , 	k} = w0({1, . . . , k}) ⊂ .
Note that for any jk + 1, a( j )> 0 by Proposition 2.2, and a( j ) =  j +
∑k
l=1 cll .
(This expression is obtained by writing a as a product of si ∈ S1 and applying the formula for
si or ti to  j .) So cl0 for 1lk. Given jk+1, since 0<w( j )=w0a( j )=w0( j +∑k
l=1 cll ), and w0( j ) /∈ Span({w0(1), . . . , w0(k)}) = Span({	1, . . . , 	k}), it follows that
w0( j )> 0 for jk + 1. Thus, Out(w0) = S, w0 = 1.
Now that aSa−1 = S and aS1a−1 = S1, thus aS2a−1 = S2. Since 0< a( j ) =  j +∑k
l=1 c jll , for jk + 1, so c jl = 0, for 1lk. This means that a commutes with
each s ∈ S2. If there were an i ∈ {1, . . . , k} and a jk + 1 such that msi s j > 2, we
would have a contradiction. Write a = a1si , with l(a1) = l(a) − 1, by Lemma 2.4. Note
si ( j ) =  j + a jii , with a ji > 0, and a1( j ) =  j +
∑k
l=1 c1jll , with all c
1
jl0 and
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0< a1(i ) ∈ Span({1, . . . , k}). This is impossible. Hence msi s j = 2 for any i ∈ {1, . . . , k}
and jk + 1, a contradiction to the irreducibility of (W, S). 
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